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ON THE SET OF FIXED POINTS OF A POLYNOMIAL
AUTOMORPHISM
ZBIGNIEW JELONEK & TOMASZ LENARCIK
Abstract. Let K be an algebraically closed field of characteristic zero. We say that a
polynomial automorphism f : Kn → Kn is special if the Jacobian of f is equal to 1. We
show that every (n − 1)-dimensional component H of the set Fix(f) of fixed points of
a non-trivial special polynomial automorphism f : Kn → Kn is uniruled. Moreover, we
show that if f is non-special and H is an (n−1)-dimensional component of the set Fix(f),
then H is smooth, irreducible and H = Fix(f) and for K = C the Euler characteristic of
H is equal to 1.
1. Introduction
Polynomial automorphism of affine space Kn have always attracted a lot of attention,
but the nature of these automorphisms still not well-known.
Here we are interested in the set of fixed points of such automorphisms. Let us recall
that if f : K2 → K2 is a polynomial automorphism, then the set Fix(f) of fixed points of
f is either finite, or it is a union of smooth, disjoint curves which all are isomorphic to K.
This result was proved in [Jel1] and later it was partially reproved in [M-M]. Moreover,
by Kambayashi result, every automorphism of K2 of finite order is linear in some system
of coordinates. We do not know whether Kambayashi result can be extended to higher
dimensions. However there is some evidence that the set of fixed points of a polynomial
automorphism of finite order should be isomorphic to a linear subspace.
In higher dimensions the situation is more complicated. The set of fixed points can
have components of dimension n − 1 and additionally less dimensional components - an
easy example is f : (x, y, z) ∋ K4 → (x + zy, y + zw, z, w) ∈ K4. Moreover, an (n − 1)-
dimensional component of the set of fixed points of f can be a singular variety- as in the
famous Nagata automorphism:
f(x, y, z) = (x+ (x2 − yz)z, y + 2(x2 − yz)x+ (x2 − yz)2z, z).
Here the set of fixed points is the quadratic cone Λ = {(x, y, z) : x2 = yz}. We show
however that such a strange behavior is possible only for special automorphisms, i.e., for
automorphisms with Jacobian equal to one. In this paper we focus on (n− 1)-dimensional
components of the set of fixed points of polynomial automorphism of Kn. Our first result
is:
Theorem 1.1. Let K be an arbitrary algebraically closed field. Let f : Kn → Kn be a
non-special polynomial automorphism. Let H be a hypersurface that is contained in the
set Fix(f) of fixed points of f. Then
1) H is smooth and irreducible.
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2) H = Fix(f).
We can say more if the order of f is infinite and the field K has characteristic zero.
Let H ⊂ Kn be a hypersurface and I(H) = (p). We say that H is super-smooth if
( ∂p
∂x1
(x), ..., ∂p
∂xn
(x)) 6= 0 for every x ∈ Kn. We have:
Theorem 1.2. Let K be an algebraically closed field of characteristic zero. Let f : Kn →
K
n be a non-special polynomial automorphism of infinite order. Let H be a hypersurface
that is contained in the set Fix(f) of fixed points of f. Then
1) H is smooth and irreducible.
2) H = Fix(f).
3) If λ = Jac(f) has finite order in K∗, then H is uniruled.
4) If λ = Jac(f) has infinite order in K∗, then H is super-smooth. Moreover, if K = C,
then the Euler characteristic of H is equal to 1.
For special automorphisms of infinite order, the set of fixed points can have many (n− 1)-
dimensional components; the easiest example is a triangular automorphism
f(x, y, z) = (x+
r∏
i=1
hi(y, z), y, z).
Moreover, as we noticed before, such an (n − 1)-dimensional component can be singular.
Additionally, if H is the union of all (n − 1)-dimensional components of Fix(f), then in
general H 6= Fix(f). However, the (n − 1)-dimensional components of the set of fixed
points of a special automorphism have one common property - they are uniruled:
Theorem 1.3. Let K be an algebraically closed field of characteristic zero. Let f : Kn →
K
n be a non-trivial special polynomial automorphism. Let H be a hypersurface that is
contained in the set Fix(f) of fixed points of f. Then H is uniruled, i.e., it is covered by
rational curves.
2. Non-special automorphisms
We first need an elementary lemma from linear algebra.
Lemma 2.1. Let X = Kn and let F : X → X be a linear isomorphism. Assume that
there exists a hyperplane W which is contained in the set of fixed points of F. Then all
eigenvalues of F are 1 (of multiplicity at least n− 1) and det(F ).
Now assume that det(F ) = λ 6= 1. If l is a linear form such that ker l = W , then the
forms proportional to the form l are the only eigenvectors of F ∗ with eigenvalue λ.
Proof. Since W is contained in the set of fixed points of F , we have that 1 is an eigenvalue
of F of multiplicity at least dim W = n − 1. Hence the remaining eigenvalue has to be
equal to det(F ) = λ.
Now assume that λ 6= 1 and let g be an eigenvector with eigenvalue λ. Let {w1, ..., wn−1}
be a basis of W. It is easy to see that {w1, ..., wn−1} and g form a basis of X. In this basis
F is given by the formula
F (x1, ..., xn−1, xn) = (x1, ..., xn−1, λxn).
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In particular, the hyperplane W is described by the form xn, i.e., l = cxn for some c ∈ K
∗.
Moreover,
F ∗(
n∑
i=1
aixi) = a1x1 + ...+ an−1xn−1 + λanxn.
Consequently, only the forms proportional to xn have eigenvalues equal to λ. 
Moreover, we have:
Lemma 2.2. Let f : Kn → Kn be a polynomial automorphism. Let H ⊂ Kn be a hyper-
surface such that H ⊂ Kn. If H is singular, then Jac(f) = 1.
Proof. Let a ∈ Sing(H). Choose a system of coordinates in which a = (0, ..., 0). Let h
be a reduced equation of H. Since H ⊂ Fix(f) we have that fi − xi vanishes on H, i.e.,
h|fi − xi. Consequently,
fi = xi + aih, i = 1, ..., n.
Since h =
∑
|α|≥2 hαx
α, we have Jac(f) = Jac(identity) = 1. 
Lemma 2.3. Let f : Kn → Kn be a polynomial automorphism. Let H ⊂ Kn be an
irreducible hypersurface, such that H ⊂ Fix(f). Let h be a reduced equation of H. Then
h ◦ f = λh, where λ = Jac(f).
Proof. Let a ∈ H be a smooth point of H. Take W = TaH, X = TaK
n and F = daf.
By the assumption, the subspace W is contained in the set of fixed points of the linear
isomorphism F. Moreover, W is described by the linear form l =
∑n
i=1
∂h
∂xi
(a)xi = 0. This
form can be identified with the vector gradah = (
∂h
∂x1
(a), ..., ∂h
∂xn
(a)).
Since f is a polynomial automorphism and H ⊂ Fix(f), the polynomial h describes the
same hypersurface as the polynomial h(f). Note that these two polynomials are reduced
and consequently they are generators of the same ideal I(H). This means that there exists
a constant c ∈ K∗ such that h(f) = c · h. After differentiation, we have (daf)
∗gradah =
c · gradah. Hence the vector gradah is an eigenvector of F
∗. Now if λ = Jac(f) = 1, then
by Lemma 2.1, we have that all eigenvalues of F (and hence also of F ∗) are equal to 1.
Consequently, c = λ = 1. If λ 6= 1, then again by Lemma 2.1, we have c = λ. 
Now we are ready to prove:
Theorem 2.4. Let f : Kn → Kn be a non-special polynomial automorphism. Let H be a
hypersurface that is contained in the set Fix(f) of fixed points of f. Then
1) H is smooth and irreducible.
2) H = Fix(f).
Proof. Let S be an irreducible component of H with reduced equation s = 0. By Lemma
2.3, we have s ◦ f = λs and λ 6= 0. For t 6= 0, the hypersurface St := {x : s(x) = t}
is transformed by f onto the hypersurface Sλt. Since St ∩ Sλt = ∅ for t 6= 0, we have
Fix(f) = S0 = S. In particular, H = S is an irreducible hypersurface. 
Now we show that non-trivial automorphisms of finite order and with large set of fixed
points cannot be special. We start with:
Lemma 2.5. Let L : Cn → Cn be a linear mapping of finite order m > 1 and assume that
the set of fixed points of L is a hyperplane W . Then in some coordinates,
L(x1, x2, . . . , xn) = (ǫx1, x2, . . . , xn),
where ǫm = 1 and ǫ 6= 1.
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Proof. Take a basis e1, . . . , en in C
n such that e2, . . . , en span the hyperplane W. Hence
L(ei) = ei for i > 1 and L(e1) =
∑n
i=1 aiei. In particular, L(x1e1+. . .+xnen) = (a1x1)e1+
(x2 + a2x1)e2 + . . . + (xn + anx1)en. Since L has finite order, we have ai = 0 for i > 1.
In particular, L(x1, . . . , xn) = (a1x1, x2, . . . , xn). However det L
m = 1, i.e., a1 = ǫ, where
ǫm = 1 and ǫ 6= 1. 
Now we can state:
Proposition 2.6. Let Φ : Cn → Cn be a polynomial automorphism of finite order m > 1.
Assume that the set of fixed points of Φ has dimension n− 1. Then Φ is not special.
Proof. Let H ⊂ Fix(Φ) be a hypersurface and let x ∈ H. By the Cartan Theorem (see
[Car]), the mapping Φ is holomorphically linearizable in some neighborhood of x. Now the
proof reduces to Lemma 2.5. 
We conclude this section by:
Theorem 2.7. Let K be an algebraically closed field of characteristic zero. Let f : Kn →
K
n be a non-special polynomial automorphism of infinite order. Let H be a hypersurface
that is contained in the set Fix(f) of fixed points of f. Then
1) H is smooth and irreducible.
2) H = Fix(f).
3) If λ = Jac(f) has finite order in K∗, then H is uniruled.
4) If λ = Jac(f) has infinite order in K∗, then H is super-smooth. Moreover, if K = C,
then the Euler characteristic of H is equal to 1.
Proof. By the Lefschetz principle, we can assume that K = C. We have 1) and 2) by
Theorem 2.4. The point 3) follows from Theorem 3.2 below. Hence it is enough to prove
4). Let H = Fix(f). As we know the hypersurface H is irreducible. Let h = 0 be an
irreducible equation for H. By Lemma 2.3 we have h ◦ f = λh.
We show that the polynomial h has no atypical values, except possibly 0. Indeed, since
the fiber h = t is transformed by f onto the fiber h = λt and λ has an infinite order we
have that for t 6= 0 the fiber h = t cannot by atypical (there is only a finite number of
atypical values of h-for details see e.g., [J-K]). In particular, all fibers h = t for t 6= 0 are
homeomorphic and f : Cn \ H → C∗ is a locally trivial fibration. Computing the Euler
characteristics, we have χ(H1)χ(C
∗) + χ(H) = χ(Cn) = 1, i.e., χ(H) = 1.
Moreover, all fibers of h are smooth. For H0 it follows from 1), if t 6= 0, then Ht is a
typical fiber, hence it is smooth. 
3. Main Result
First we recall the following important fact (see [Jel3]):
Theorem 3.1. Let K be an algebraically closed field of characteristic zero. Let X be a
quasi-affine variety. If the group Aut(X) is infinite, then X is uniruled.
Now we can prove our main result:
Theorem 3.2. Let K be an algebraically closed field of characteristic zero. Let f : Kn →
K
n be a non-trivial special polynomial automorphism. Let H be a hypersurface that is
contained in the set Fix(f) of fixed points of f. Then H is uniruled, i.e., it is covered by
rational curves.
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Proof. By Proposition 2.6, automorphism f has an infinite order. Let h be an irreducible
equation of H. By Lemma 2.3 we have h◦f = h. In particular, f preserves all fibers h = t.
Let Γ be a non-rational affine curve and let π : Γ→ C be a finite morphism. Denote by
X := Cn ×C Γ,
the fiber product determined by the mappings h and π. On X acts the automorphism
F = (f × identity)|X . We have the projection Π : X → Γ with (n − 1)-dimensional fibers
Π−1(γ) = h−1(π(γ)). Because the polynomial h is irreducible, generic fibers of Π are
irreducible. Moreover, since the variety X is a hypersurface in Cn × Γ, it has to be an
irreducible affine variety of dimension n. It is easy to see that the automorphism F has
an infinite order. By virtue of Theorem 3.1, the variety X is uniruled. Since the curve Γ
is not uniruled, all fibers of the mapping Π : X → Γ are uniruled. The hypersurface H is
one of these fibers. 
Example 3.3. Let
N : C3 ∋ (x, y, z) 7→ (x− 2y(xz + y2)− z(xz + y2)2, y + z(xz + y2), z) ∈ C3,
be the famous Nagata automorphism. The set of fixed points of N is the cone Λ =
{(x, y, z) ∈ C3 : xz+ y2 = 0}. Since Λ is a singular variety, we see that the automorphism
N is special. Of course Λ is a uniruled hypersurface.
Example 3.4. We cannot expect that a lower dimensional components of the set Fix(f)
are uniruled. Indeed, let Γ = {(x, y) ∈ C2 : h(x, y) = 0} be an arbitrary plane curve.
Then there is a polynomial automorphism f : C3 → C3 such that Fix(f) ∼= Γ. Indeed,
take
f(x, y, z) = (x, y + z + h(x, y), z + h(x, y)).
If we take g(x, y, z, w) = (f(x, y, z), 2w), we obtain a non-special automorphism g : C4 →
C
4 with Fix(g) ∼= Γ.
At the end of this paper we state a Conjecture, which is more or less the Masuda-
Miyanishi Conjecture (see [M-M]):
Conjecture. Let F : Cn → Cn be a non-special automorphism. Assume that H ⊂
Fix(f) is a hypersurface. Then H is isomorphic to Cn−1.
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